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In this paper we prove that if G is a group which is the union
of the conjugates of a ﬁnite subgroup H , then we have G = H if
H  PSL(2,2n), n ∈ N \ {0} or H is a generalized dihedral group.
This result extends Theorem 3 of Cutolo et al. (2005) [1] proved
only in the case H  PSL(2,4).
© 2012 Elsevier Inc. All rights reserved.
1. Introduction
If G is a ﬁnite group and H a subgroup, it is well known that if G =⋃g∈G Hg then G = H . In the
paper [1], Cutolo, Smith and Wiegold studied the following
Problem. Suppose that the group G is the set-theoretical union of the conjugates of a proper sub-
group H . Which conditions on H and G allow to conclude that G = H?
In particular Theorem 3 of [1] says that if G is a group such that G =⋃g∈G Hg with H subgroup
of G isomorphic to the alternating group A5, then we have G = H . The proof of this fact uses an
elementary and ingenious result [1, Lemma 3] on groups in which every non-trivial element has
order 3 or 5. This result induced the authors of [1] to state the conjecture that G = H for any ﬁnite
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the involutions, to prove:
Theorem 1.1. Let G be a group which is the union of the conjugates of a ﬁnite subgroup H. Then we have
G = H in the following cases:
(a) H  PSL(2,2n), n ∈N \ {0};
(b) H is a generalized dihedral group.
Observe that Theorem 3 of [1] is the particular case n = 2 in (a) of Theorem 1.1.
2. Notation and preliminary results
If X is a group, we denote the set of the involutions of X by
IX =
{
x ∈ X ∣∣ x = 1, x2 = 1}
and by
(X) = {n ∈N | ∃x ∈ X, x has order n}
the set of orders of all elements of X , the so-called spectrum of G .
The following result is well known (see for example [3, Theorems 9.1.1, 9.1.2]).
Lemma 2.1. Let D = 〈x, y〉 be a group generated by two involutions x and y; if the element xy has ﬁnite order
m then D is a dihedral group of order 2m. Moreover:
(a) if m is odd, all the involutions of D are conjugated and there exists a unique involution z ∈ D such that
x = yz;
(b) if m is even, there exists an involution in Z(D) and if m > 2, it is unique.
Also the proof of the following lemma is elementary.
Lemma 2.2. Let G be a group, H a subgroup of G and N a normal subgroup of G. If G = ⋃g∈G Hg and
G = G/N, then G =⋃g∈G Hg .
We shall use Lemmas 2.1 and 2.2 without further reference.
Deﬁnition 2.3. Let G be a group and N a normal abelian subgroup of odd order of G . Let τ be an
involution of G acting on N like the inversion. If G = N〈τ 〉, then G is a generalized dihedral group.
The structure of ﬁnite Frobenius groups is well known (see for example [3, Theorem 10.3.1]). In
the case of inﬁnite groups there is not a standard notation and there can also be different deﬁnitions.
We therefore give the following deﬁnition.
Deﬁnition 2.4. Let F be a group, N a normal proper non-trivial subgroup of F and S a subgroup of F
such that F = NS . If
(a) for every g ∈ F \ S we have S ∩ S g = {1},
(b) N = F \⋃g∈F (S \ {1})g ,
then F is a Frobenius group with kernel N and complement S .
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The following result is extracted from [5]. For the sake of completeness we rephrase the proof.
Lemma 2.6. Let G be a periodic group with IG = ∅ and in which the centralizer of every involution is a 2-
group. Let x ∈ IG , N = CG(x) and F = NG(N) and suppose that:
(a) N < F < G;
(b) all the involutions of N are conjugated in F .
Then there exists a locally cyclic subgroup S of G such that F = NS and F is a Frobenius group with kernel
N and complement S. If IN is inﬁnite, then |(S)| = ∞.
Proof. We divide the proof in several steps.
(1) For every y ∈ IF we have CG (y) = N; in particular IF = IN .
If y ∈ N then by hypothesis there exists an element g ∈ F such that y = xg ; therefore CG(y) =
CG(x)g = Ng = N .
If y /∈ N then since N is a 2-group and y normalizes N we have N〈y〉 is a 2-group. Therefore in the
2-group 〈x, y〉 there exists a (unique) involution z that centralizes both x and y, thus z ∈ CG(x) = N .
But then we have y ∈ CG(z) = CG(x) = N , which contradicts the hypothesis.
(2) If g ∈ G \ F then N ∩ Ng = {1}.
In fact if N ∩ Ng = {1}, there exists an involution z ∈ N ∩ Ng . By (1), we have N = CG(z) = Ng ,
against the hypothesis that g does not normalizes N .
(3) Let y ∈ IF and y′ ∈ IG \ IF , then yy′ has odd order and CG(y) ∩ CG(y′) = {1}.
Since G is periodic, yy′ has ﬁnite order m. Therefore the ﬁnite subgroup 〈y, y′〉 is a ﬁnite dihedral
group. If m is even, then there exists an involution z ∈ Z(〈y, y′〉) and we should have z ∈ CG(y) = N ,
by (1). But then also CG(z) = N again by (1) and therefore y′ ∈ CG(z) = N , against the hypothesis.
Therefore m is odd.
(4) All the involutions of G are conjugated.
Since IF = IN , by hypothesis all the involutions of F are conjugated. Suppose then that y ∈ IG \IF ,
it is therefore enough to prove that y and x are conjugated. By (3), the ﬁnite subgroup 〈x, y〉 is
dihedral, and the order of xy is odd, then we conclude by Lemma 2.1.
(5) If g ∈ G \ F , then xg ∈ G \ F . Then we can ﬁx a ∈ IG \ IF .
If xg ∈ F , we have N = CG(xg) = Ng by (1), against the hypothesis g /∈ F . Since by hypothesis
G = F , we can ﬁx an involution a ∈ IG \ IF .
(6) For every y ∈ IN there exists a unique involution y ∈ 〈xa, y〉 such that yy = xa .
Since a /∈ F , then xa /∈ F by (5) and therefore xa y has odd order by (3). The statement comes from
Lemma 2.1(b).
We deﬁne
Σ = {ay | y ∈ IN} and S = 〈Σ〉.
If t ∈ Σ then the order of t is odd, ta = t−1 and t normalizes N . We have S  F .
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Suppose that there exists y ∈ IS . Since 〈IS 〉 is a characteristic subgroup of S and is contained in
N by step (1), it is a-invariant. Therefore ya ∈ IS  N , contradicting (5).
(8) S = Σ ∪ {1} is an abelian group.
We prove that the product of any two elements ay,az ∈ Σ is still in Σ ∪ {1}. If ayaz = 1 then
there is nothing to prove. Otherwise xayaz = t ∈ IN and, since t = xat , we have ayazta ∈ N ∩ S = {1}
and then ayaz = at ∈ Σ .
The automorphism induced by a on S is the inversion and therefore the group S is abelian.
(9) F = NS and S is locally cyclic.
By the Frattini argument, we get F = NS .
Let S0 be a ﬁnite subgroup of S . Then S0 = {1,ay1, . . . ,ayr} and we put N0 = 〈x〉S0 . Then N0 =
〈x, y1, . . . , yr〉 is a ﬁnite normal elementary abelian subgroup of 〈x, S0〉. Moreover, since CG(y) = N
for any non-trivial y ∈ N0, and S0 ∩ N0 = {1} we have that 〈x, S0〉 = N0S0 is a ﬁnite Frobenius group
with abelian complement S0. Then S0 is cyclic, by [3, Theorem 10.3.1].
We now prove the last statement of the lemma. Let T = 〈IN 〉; by (1) we have T  Ω1(Z(N)).
Since, by hypothesis, S permutes transitively the elements of T \ {1} = IN , the semidirect product T S
is a sharply 2-transitive Frobenius group. The complement S of T S is abelian, hence there exists a
locally ﬁnite ﬁeld K of characteristic 2 such that T  K+ , S  K× and the action of S on T is by
multiplication (see for example [2, Corollary 7.6A(ii)]). The conclusion comes from the well-known
fact that in every locally ﬁnite ﬁeld K of inﬁnite order we have |(K×)| = ∞. 
The following result is an easy consequence of [4, Theorem 2.9, Corollary 2.10], see also the remark
at the end of chapter 2 in [4].
Lemma 2.7. Let X be a periodic group in which all the involutions are conjugated. If the centralizer of an
involution is ﬁnite, then X is a locally ﬁnite group that contains a normal soluble subgroup of ﬁnite index.
3. Proof of the theorem and ﬁnal remarks
It is not necessary to suppose n  2 in (a) of the theorem. In fact PSL(2,2)  S3 satisﬁes the
hypothesis of (b).
Proof of the theorem. Let G and H be as in the hypothesis of the theorem. Fix a Sylow 2-subgroup
N0 of H and put F0 = NH (N0): then in case (a) F0 = N0S0 is a Frobenius group with kernel N0 and
complement S0 and in case (b) F0 = N0. Fix x ∈ IN0 and deﬁne N = CG(x) and F = NG(N).
Since (G) = (H), every element of G has order either 2 or an odd integer and therefore N
must be an elementary abelian 2-group containing N0.
If F = G , then N ∩H is a normal non-trivial elementary abelian 2-subgroup of H , but in both cases
this leads to a contradiction.
We can therefore suppose F = G . If N ∩ Ng = {1} for some g ∈ G and if 1 = z ∈ N ∩ Ng then
〈N,Ng〉 CG(z) and therefore N = CG(N) = CG(Ng) = Ng .
We prove that G contains a unique conjugacy class of involutions; to do this it is suﬃcient to show
that if y ∈ IG then y is conjugated with x. But yg ∈ H for some g ∈ G and since all the involutions of
H are conjugated, we can conclude that y is conjugated to x.
Let z ∈ IN and g ∈ G such that zg = x, then N ∩ Ng = {1} and therefore Ng = N , that is g ∈ F . If
|N| > 2 we can apply Lemma 2.6 and conclude that F is a Frobenius group with kernel N and locally
cyclic complement S . N cannot be inﬁnite, since otherwise |(S)| = ∞, while (S) ⊆ (G) = (H)
and (H) is ﬁnite. Therefore all the involutions are conjugated in G and the centralizer of an involu-
tion CG(x) = N is ﬁnite: by Lemma 2.7 it follows that G is a locally ﬁnite group with a normal soluble
subgroup R of ﬁnite index. Lemma 1.1 (and the remarks following it) of [6] provides the desired
conclusion. 
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G such that G =⋃g∈G Hg , then G = H . This fact could be used to shorten the proof of the theorem.
However we prefer a direct proof, since Theorem 2 of [1] makes use of the classiﬁcation of ﬁnite
simple groups.
Acknowledgment
The author thanks the referee for many useful comments.
References
[1] G. Cutolo, H. Smith, J. Wiegold, Groups covered by conjugates of proper subgroups, J. Algebra 293 (1) (2005) 261–268.
[2] J. Dixon, B. Mortimer, Permutation Groups, Springer-Verlag, New York, Berlin, Heidelberg, 1996.
[3] D. Gorenstein, Finite Groups, Harper & Row, New York, 1968.
[4] A.O. Kegel, B.A.F. Wehrfritz, Locally Finite Groups, North-Holland, Amsterdam, 1973.
[5] A.I. Sozutov, On groups with ﬁnite involution and with a locally ﬁnite 2-isolated subgroup of even period, Mat. Za-
metki 69 (6) (2001) 912–918 (in Russian); English translation in Math. Notes 69 (5–6) (2001) 833–838.
[6] J. Wiegold, Transitive groups with ﬁxed-point free permutations, Arch. Math. 27 (5) (1976) 473–475.
